


















ࠗ໰୊ʢαΠζ n ͷ҆ఆ݁ࠗ໰୊ʣʹ͓͚Δ҆ఆϚονϯάͷ࠷େ਺Λ f(n) ͱ͓͘ɻ͜ͷ࠷
େ਺ f(n) ʹ͍ͭͯ΋ଟ͘ͷݚڀ͕ͳ͞Ε͍ͯΔɻn = 4 ͷ৔߹͸ D. E. Knuth[8] ʹΑΓ 10
ݸͷ҆ఆϚονϯάΛ࣋ͭྫ͕ࣔ͞ΕɼD. Eilers ͸ίϯϐϡʔλΛ༻͍ͯ͢΂ͯͷ҆ఆ݁ࠗ
໰୊ʹ͍ͭͯௐ΂Δ͜ͱͰ f(4) = 10 Ͱ͋Δ͜ͱΛࣔͨ͠ ([4])ɻn ≥ 5 ͷ৔߹ͷ f(n) ͷਖ਼֬
ͳ஋͸·ͩಘΒΕ͍ͯͳ͍͕ɼ༷ʑͳධՁ͕ࣜಘΒΕ͍ͯΔɻҰൠʹ n ͕ 2 ͷྦྷ৐ͷ৔߹͸ɼ
g(1) = 1, g(2) = 2, g(2m) = 3g(2m−1)2 − 2g(2m−2)2 ʹΑͬͯఆ·Δ g(2m)Λ༻͍ͨԼ͔Βͷ







ྫ 2.4. ྫ 2.1ͷر๬ϦετͰ͸ɼϚονϯάM0 = {(h1, d1), (h2, d2), (h3, d3), (h4, d4)}͸׬
શϚονϯάͰ͋Δɻ
ҎԼͰ͸ɼಛʹهड़͕ͳ͍ݶΓϚονϯά͸׬શϚονϯάΛࢦ͢΋ͷͱ͢Δɻ
ఆٛ 2.5. ϚονϯάM ʹ͓͍ͯɼϖΞΛ૊ΜͰ͍Δ૬खͷ͜ͱΛύʔτφʔͱݺͼɼஉੑ h
ͷύʔτφʔΛ PM (h)ɼঁੑ dͷύʔτφʔΛ PM (d)Ͱද͢ɻ
ྫ 2.5. ྫ 2.4ͷϚονϯάM0 Ͱ͸ɼPM0(h1) = d1, PM0(d2) = h2 Ͱ͋Δɻ
ఆٛ 2.6. ϚονϯάM ʹ͓͍ͯɼҎԼͷ 3 ͭͷ৚݅ (i),(ii),(iii) Λશͯຬͨ͢ϖΞ (h, d) Λ
M ͷෆ҆ఆϖΞͱݺͿɻ
(i) (h, d) ̸∈M, (ii) d <h PM (h), (iii) h <d PM (d).
ྫ 2.6. ྫ 2.1ͷر๬ϦετͰ͸ɼϚονϯάM0 ʹ͓͍ͯɼ




ྫ 2.7. ྫ 2.6ΑΓM0 = {(h1, d1), (h2, d2), (h3, d3), (h4, d4)}͸ෆ҆ఆϖΞ (h4, d1)͕ଘࡏ͢
ΔͷͰෆ҆ఆϚονϯάͰ͋ΔɻͦΕʹରͯ͠ɼM1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)}͸
ෆ҆ఆϖΞ͕ଘࡏ͠ͳ͍ͷͰ҆ఆϚονϯάͰ͋Δɻ
ఆٛ 2.8. உੑू߹ Hɼঁੑू߹ D (H ∩D = ∅, |H| = |D| = n) ʹ͓͍ͯɼ֤ਓ͕ҟੑશһ
ʹରͯ͠બ޷ॱҐΛ͍࣋ͬͯΔͱ͖ɼ҆ఆϚονϯάΛݟ͚ͭΔ໰୊Λ҆ఆ݁ࠗ໰୊ͱ͍͏ɻ҆
ఆ݁ࠗ໰୊ I ͸உੑू߹ Hɼঁੑू߹ Dɼر๬Ϧετ Lͷ 3ͭ૊ I = (H,D,L)ʹΑΓදݱ͞
ΕΔɻ
ఆٛ 2.9. ҆ఆ݁ࠗ໰୊ I ʹ͓͚Δ͢΂ͯͷ҆ఆϚονϯάͷू߹ΛM(I)ͱද͢ɻ
ྫ 2.8. ྫ 2.1ͷر๬ϦετͰ༩͑ΒΕΔ҆ఆ݁ࠗ໰୊Λ I ͱ͢ΔͱɼM(I) = {M1,M2,M3}
ͱͳΔɻͨͩ͠ɼ
M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)},
M2 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)},




͍ʣٞ࿦Ͱ f(3) = 3, f(4) = 10Λࣔ͢ɻ
2 ҆ఆ݁ࠗ໰୊
ఆٛ 2.1. nਓͷஉੑ͔ΒͳΔஉੑू߹ H = {h1, h2, · · · , hn}ͱ nਓͷঁੑ͔ΒͳΔঁੑू߹




h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2
h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1
h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1
h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2
͜ͷر๬ϦετͰ͸ɼஉੑ h1 ͷ޷͖ͳঁੑ͸ॱʹ d2, d3, d1, d4 Ͱ͋Γɼঁੑ d4 ͷ޷͖ͳஉ
ੑ͸ॱʹ h1, h4, h3, h2 Ͱ͋Δɻ
ఆٛ 2.2. உੑ hͷબ޷ॱংʹ͓͚Δঁੑ dͷॱҐΛ rankh(d)Ͱද͠ɼঁੑ dͷબ޷ॱংʹ͓
͚Δஉੑ hͷॱҐΛ rankd(h)Ͱද͢ɻ
ྫ 2.2. ྫ 2.1ͷر๬ϦετͰ͸ɼrankh2(d1) = 2, rankd3(h1) = 4Ͱ͋Δɻ
ఆٛ 2.3. h, h′ ∈ H, d, d′ ∈ D ͱ͢Δɻrankh(d) < rankh(d′)Ͱ͋Δͱ͖ d <h d′ ͱද͢ɻ·
ͨɼrankd(h) < rankd(h′)Ͱ͋Δͱ͖ h <d h′ ͱද͢ɻ
ྫ 2.3. ྫ 2.1ͷر๬ϦετͰ͸ɼrankh1(d3) = 2, rankh1(d4) = 4Ͱ͋Δ͔Βɼd3 <h1 d4 Ͱ
͋Δɻ·ͨɼrankd2(h2) = 1, rankd2(h4) = 3Ͱ͋Δ͔Βɼh2 <d2 h4 Ͱ͋Δɻ
ఆٛ 2.4. H ʹଐ͢Δ 1ਓͷஉੑͱDʹଐ͢Δ 1ਓͷঁੑͷ૊ΛϖΞͱ͍͍ɼஉੑ hi (∈ H)ͱ
ঁੑ dj (∈ D)ͷϖΞΛ (hi, dj)ͱද͢ɻϖΞ͸ H ×D ͷཁૉͰ͋Δɻ
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h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2
h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1
h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1
h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2
AH ͷ͏ͪɼஉੑ h1 ͱͷϖΞ (h1, d1), (h1, d2), (h1, d3), (h1, d4) ͷؒͷลʹ͍ͭͯߟ͑
Δɻஉੑ h1 ͷબ޷ॱং͸ d2, d3, d1, d4 Ͱ͋Δ͔ΒɼลΛਤࣔ͢Δͱ࣍ͷΑ͏ʹͳΔɻ
h1
d1 d2 d3 d4
͔͠͠ɼh1 ͷબ޷ॱং͸࣍ͷล͚ͩͰද͢͜ͱ͕Ͱ͖Δɻ
h1
d1 d2 d3 d4
ͭ·Γɼrankh1(di) = rankh1(dj) + 1 ͱͳΔล ((h1, di), (h1, dj)) ͚ͩΛදࣔ͢Ε͹Α
͍ɻଞͷߦͱྻͰ΋ಉ༷Ͱ͋ΔͷͰɼ҆ఆ݁ࠗάϥϑΛඳ͘ࡍɼล͸
((h, d), (h, d′)) (rankh(d) = rankh(d′) + 1),
((h, d), (h′, d)) (rankd(h) = rankd(h′) + 1)
ͷΈΛඳ͘͜ͱʹ͢Δɻͭ·Γɼ҆ఆ݁ࠗάϥϑΛඳ͘ͱ͖͸બ޷ॱংΛද͢ͷʹඞཁ࠷
௿ݶͷลͷΈΛඳ͘ɻ
ྫ 3.1. H = {h1, h2, h3, h4}ɼD = {d1, d2, d3, d4}ͱ͠ɼر๬Ϧετ͸
h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2
h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1
h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1





ఆٛ 3.1. ҆ఆ݁ࠗ໰୊ʹ͓͍ͯɼஉੑू߹ΛH,ঁੑू߹ΛDͱ͠ɼV = H×D, A = AH∪AD
ͱ͢Δɻͨͩ͠ɼ
AH = {((h, d), (h, d′)) ∈ V × V | d′ <h d},
AD = {((h, d), (h′, d)) ∈ V × V | h′ <d h}
Ͱ͋Δɻ͜ͷͱ͖ɼ༗޲άϥϑ Γ = (V,A)Λ҆ఆ݁ࠗάϥϑͱ͍͏ɻ
҆ఆ݁ࠗάϥϑͷඳ͖ํ
• ఺ू߹
உੑू߹ H = {h1, h2, · · · , hn}, ঁੑू߹ D = {d1, d2, · · · , dn}ͷ҆ఆ݁ࠗάϥϑͰ͸ɼ
n2 ݸͷ఺ΛԼਤͷΑ͏ʹ nߦ nྻʹฒ΂Δɻߦ͸্͔Βॱʹஉੑ h1, h2, · · · , hn Λɼྻ













உੑू߹ H = {h1, h2, h3, h4}ɼঁੑू߹ D = {d1, d2, d3, d4} Ͱɼر๬Ϧετ͕࣍ͷ৔
߹Ͱઆ໌͢Δɻ
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h1 : d2 d3 d1 d4 d1 : h4 h1 h3 h2
h2 : d4 d1 d2 d3 d2 : h2 h3 h4 h1
h3 : d2 d4 d3 d1 d3 : h3 h2 h4 h1
h4 : d3 d1 d4 d2 d4 : h1 h4 h3 h2
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ఆٛ 3.3. Γ = (V,A)Λ҆ఆ݁ࠗάϥϑɼW Λ V ͷ෦෼ू߹ͱ͢Δɻ
͜ͷͱ͖ɼAW = {(s, t) ∈ A | s, t ∈ W}ͱఆΊɼΓͷ෦෼άϥϑ ΓW = (W,AW )ΛW ʹ
Αͬͯఆ·Δ Γͷ҆ఆ݁ࠗ෦෼άϥϑͱ͍͏ɻ
஫ҙɹW = V ͷ࣌͸ ΓW = ΓͰ͋ΔͷͰɼ҆ఆ݁ࠗάϥϑ΋҆ఆ݁ࠗ෦෼άϥϑͱ͍͑Δɻ


















d1 d2 d3 d4
ఆٛ 3.2. ҆ఆ݁ࠗάϥϑ Γ = (V,A)ͷ఺ (h, d) ∈ V ʹର͠ɼҎԼͷ 4ͭͷू߹Λఆٛ͢Δɻ
preH(h, d) = {(h, d′) ∈ V | d′ <h d}, sucH(h, d) = {(h, d′) ∈ V | d <h d′},
preD(h, d) = {(h′, d) ∈ V | h′ <d h}, sucD(h, d) = {(h′, d) ∈ V | h <d h′}.
ྫ 3.2. ྫ 2.1ͷ҆ఆ݁ࠗάϥϑʹ͓͍ͯɼ఺ (h3, d4)ʹରͯ͠
preH(h3, d4) = {(h3, d2)}, sucH(h3, d4) = {(h3, d1), (h3, d3)},






d1 d2 d3 d4
 福井大学教育地域科学部紀要（自然科学　数学編），4，2013 86
ఆٛ 3.3. Γ = (V,A)Λ҆ఆ݁ࠗάϥϑɼW Λ V ͷ෦෼ू߹ͱ͢Δɻ
͜ͷͱ͖ɼAW = {(s, t) ∈ A | s, t ∈ W}ͱఆΊɼΓͷ෦෼άϥϑ ΓW = (W,AW )ΛW ʹ
Αͬͯఆ·Δ Γͷ҆ఆ݁ࠗ෦෼άϥϑͱ͍͏ɻ
஫ҙɹW = V ͷ࣌͸ ΓW = ΓͰ͋ΔͷͰɼ҆ఆ݁ࠗάϥϑ΋҆ఆ݁ࠗ෦෼άϥϑͱ͍͑Δɻ


















d1 d2 d3 d4
ఆٛ 3.2. ҆ఆ݁ࠗάϥϑ Γ = (V,A)ͷ఺ (h, d) ∈ V ʹର͠ɼҎԼͷ 4ͭͷू߹Λఆٛ͢Δɻ
preH(h, d) = {(h, d′) ∈ V | d′ <h d}, sucH(h, d) = {(h, d′) ∈ V | d <h d′},
preD(h, d) = {(h′, d) ∈ V | h′ <d h}, sucD(h, d) = {(h′, d) ∈ V | h <d h′}.
ྫ 3.2. ྫ 2.1ͷ҆ఆ݁ࠗάϥϑʹ͓͍ͯɼ఺ (h3, d4)ʹରͯ͠
preH(h3, d4) = {(h3, d2)}, sucH(h3, d4) = {(h3, d1), (h3, d3)},






d1 d2 d3 d4
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ূ໌ ɹ
఺ (h, d)Λஉੑ࠷ྑ఺ (h′, d)ʹࢧ഑͞ΕΔ఺Ͱ͋Δͱ͠ɼ(h, d)͕҆ఆϚονϯάM ʹؚ·
ΕΔͱ͢ΔͱɼϚονϯάͷఆٛΑΓ (h′, d) ̸∈M Ͱ͋Δɻ͢Δͱɼ(h′, d)͕உੑ࠷ྑ఺Ͱ͋Δ
͜ͱΑΓ d <h′ PM (h′)ɼ(h, d)͕ (h′, d)ʹࢧ഑͞ΕΔ͜ͱΑΓ h′ <d h = PM (d)ͱͳΔͷͰɼ





ఆٛ 3.5. Γ = (V,A)Λ҆ఆ݁ࠗάϥϑɼΓW = (W,AW )Λͦͷ҆ఆ݁ࠗ෦෼άϥϑͱ͢Δͱ
͖ɼ࣍ͷط໿ԽΞϧΰϦζϜͰಘΒΕΔ҆ఆ݁ࠗ෦෼άϥϑ Γ′ Λ ΓW ͷط໿҆ఆ݁ࠗ෦෼άϥ
ϑͱ͍͏ɻಛʹɼW = V ͷͱ͖͸ Γ′W Λ Γ′ ͱද͠ɼΓͷط໿҆ఆ݁ࠗάϥϑͱ͍͏ɻ
ط໿ԽΞϧΰϦζϜ
ɹ
0. W0 =W, i = 0ͱ͢Δɻ
1. ΓWi ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞ΕΔ఺ɼঁੑ࠷ྑ఺ʹࢧ഑͞ΕΔ఺͔ΒͳΔू߹Λ Xi
ͱ͢Δɻ
2. (1) Xi ̸= ∅ͳΒ͹ Wi+1 =Wi \Xi ͱ͠ɼi+ 1ͷ஋Λ iͱͯ͠ 1.ʹ໭Δɻ
(2) Xi = ∅ͳΒ͹ Γ′W = (Wi, AWi)ͱ͠ɼऴྃ͢Δɻ
ྫ 3.5. ྫ 2.1ͷ҆ఆ݁ࠗάϥϑ Γ = (V,A)ʹରͯ͠ط໿ԽΞϧΰϦζϜΛߦ͏ɻ






d1 d2 d3 d4
ఆٛ 3.4. Γ = (V,A) Λ҆ఆ݁ࠗάϥϑɼΓW = (W,AW ) Λͦͷ҆ఆ݁ࠗ෦෼άϥϑͱ͠ɼ
(h, d) ∈W ͱ͢Δɻɹ
(1) preH(h, d) ∩W = ∅Ͱ͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δஉੑ࠷ྑ఺ɼsucH(h, d) ∩W = ∅Ͱ
͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δஉੑ࠷ѱ఺ͱ͍͏ɻ
(2) preD(h, d) ∩W = ∅Ͱ͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δঁੑ࠷ྑ఺ɼsucD(h, d) ∩W = ∅Ͱ
͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δঁੑ࠷ѱ఺ͱ͍͏ɻ
(3) ఺ (h, d)͕ ΓW ʹ͓͚Δஉੑ࠷ྑ఺ͷͱ͖ɼsucD(h, d) ∩W ʹଐ͢Δ఺ΛɼΓW ʹ͓͍
ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺ͱ͍͏ɻ





ྫ 3.4. ྫ 2.1 ͷ҆ఆ݁ࠗάϥϑͷ৔߹͸ɼ(h1, d2), (h2, d4), (h3, d2), (h4, d3) ͕உੑ࠷ྑ఺ɼ





d1 d2 d3 d4






఺ (h, d)Λஉੑ࠷ྑ఺ (h′, d)ʹࢧ഑͞ΕΔ఺Ͱ͋Δͱ͠ɼ(h, d)͕҆ఆϚονϯάM ʹؚ·
ΕΔͱ͢ΔͱɼϚονϯάͷఆٛΑΓ (h′, d) ̸∈M Ͱ͋Δɻ͢Δͱɼ(h′, d)͕உੑ࠷ྑ఺Ͱ͋Δ
͜ͱΑΓ d <h′ PM (h′)ɼ(h, d)͕ (h′, d)ʹࢧ഑͞ΕΔ͜ͱΑΓ h′ <d h = PM (d)ͱͳΔͷͰɼ





ఆٛ 3.5. Γ = (V,A)Λ҆ఆ݁ࠗάϥϑɼΓW = (W,AW )Λͦͷ҆ఆ݁ࠗ෦෼άϥϑͱ͢Δͱ
͖ɼ࣍ͷط໿ԽΞϧΰϦζϜͰಘΒΕΔ҆ఆ݁ࠗ෦෼άϥϑ Γ′ Λ ΓW ͷط໿҆ఆ݁ࠗ෦෼άϥ
ϑͱ͍͏ɻಛʹɼW = V ͷͱ͖͸ Γ′W Λ Γ′ ͱද͠ɼΓͷط໿҆ఆ݁ࠗάϥϑͱ͍͏ɻ
ط໿ԽΞϧΰϦζϜ
ɹ
0. W0 =W, i = 0ͱ͢Δɻ
1. ΓWi ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞ΕΔ఺ɼঁੑ࠷ྑ఺ʹࢧ഑͞ΕΔ఺͔ΒͳΔू߹Λ Xi
ͱ͢Δɻ
2. (1) Xi ̸= ∅ͳΒ͹ Wi+1 =Wi \Xi ͱ͠ɼi+ 1ͷ஋Λ iͱͯ͠ 1.ʹ໭Δɻ
(2) Xi = ∅ͳΒ͹ Γ′W = (Wi, AWi)ͱ͠ɼऴྃ͢Δɻ
ྫ 3.5. ྫ 2.1ͷ҆ఆ݁ࠗάϥϑ Γ = (V,A)ʹରͯ͠ط໿ԽΞϧΰϦζϜΛߦ͏ɻ






d1 d2 d3 d4
ఆٛ 3.4. Γ = (V,A) Λ҆ఆ݁ࠗάϥϑɼΓW = (W,AW ) Λͦͷ҆ఆ݁ࠗ෦෼άϥϑͱ͠ɼ
(h, d) ∈W ͱ͢Δɻɹ
(1) preH(h, d) ∩W = ∅Ͱ͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δஉੑ࠷ྑ఺ɼsucH(h, d) ∩W = ∅Ͱ
͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δஉੑ࠷ѱ఺ͱ͍͏ɻ
(2) preD(h, d) ∩W = ∅Ͱ͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δঁੑ࠷ྑ఺ɼsucD(h, d) ∩W = ∅Ͱ
͋Δ఺ (h, d)Λ ΓW ʹ͓͚Δঁੑ࠷ѱ఺ͱ͍͏ɻ
(3) ఺ (h, d)͕ ΓW ʹ͓͚Δஉੑ࠷ྑ఺ͷͱ͖ɼsucD(h, d) ∩W ʹଐ͢Δ఺ΛɼΓW ʹ͓͍
ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺ͱ͍͏ɻ





ྫ 3.4. ྫ 2.1 ͷ҆ఆ݁ࠗάϥϑͷ৔߹͸ɼ(h1, d2), (h2, d4), (h3, d2), (h4, d3) ͕உੑ࠷ྑ఺ɼ





d1 d2 d3 d4






ͷͰ X2 = ∅Ͱ͋ΓɼΓ′ = ΓW2 ͕ Γͷط໿҆ఆ݁ࠗάϥϑͱͳΔɻ
ఆٛ 3.6. ҆ఆ݁ࠗ෦෼άϥϑ ΓW ʹ͓͚Δ͢΂ͯͷ҆ఆϚονϯάͷू߹ΛM(ΓW )ͱද͢ɻ
ఆཧ 3.1. ([3]) ΓΛ҆ఆ݁ࠗάϥϑɼΓW Λ҆ఆ݁ࠗ෦෼άϥϑͱ͢Δͱ͖ɼ





ఆٛ 4.1. αΠζ nͷ҆ఆ݁ࠗ໰୊ʹ͓͚Δ҆ఆϚονϯάͷ࠷େ਺Λ f(n)ͱද͢ɻ
உঁ nਓͣͭͷϚονϯάͷ਺͸࠷େͰ΋ n!ݸͳͷͰɼf(n) ≤ n!Ͱ͋Δɻ
ྫ 4.1. f(n) ≤ n!ΑΓɼf(1) = 1, f(2) ≤ 2Ͱ͋Δɻ͜͜Ͱ࣍ͷر๬ϦετΛ࣋ͭαΠζ 2ͷ
҆ఆ݁ࠗ໰୊Λߟ͑Δɻ
h1 : d1 d2 d1 : h2 h1
h2 : d2 d1 d2 : h1 h2
2 ͭͷ҆ఆϚονϯάM1 = {(h1, d1), (h2, d2)},M2 = {(h1, d2), (h2, d1)} ͕ଘࡏ͢ΔͷͰɼ
f(2) = 2Ͱ͋Δɻ
ఆٛ 4.2. H = {h1, h2, · · · , hn}Λஉੑू߹ɼD = {d1, d2, · · · , dn}Λঁੑू߹ͱ͢ΔαΠζ n
ͷ҆ఆ݁ࠗ໰୊Λ I ͱ͢Δɻ͜ͷͱ͖ɼ1 ≤ i, j ≤ nʹରͯ͠
Mi,j = {M ∈M(I) | (hi, dj) ∈M}
ͱఆΊΔɻ·ͨɼஉੑू߹ Hi = H \ {hi}ɼঁੑू߹ Dj = D \ {dj}ͷ҆ఆ݁ࠗ໰୊Λ Ii,j ͱ
͓͖ɼͦͷ҆ఆ݁ࠗάϥϑΛ Γi,j ͱ͓͘ɻͨͩ͠ɼIi,j ͷر๬Ϧετʹ͍ͭͯ͸ɼI ͷر๬Ϧε
τ͔Β hi ͱ dj Λ࡟আ͢Δ͚ͩͰॱংͷೖΕସ͑͸͠ͳ͍ɻ
ΓW0 ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ (h1, d2), (h1, d3), (h4, d2)ɼঁੑ࠷ྑ఺ʹࢧ഑
͞Ε͍ͯΔ఺͸ (h2, d3), (h3, d1), (h4, d2), (h4, d4)Ͱ͋Δ͔Βɼ
X0 = {(h1, d2), (h1, d3), (h2, d3), (h3, d1), (h4, d2), (h4, d4)}
ͱͳΔɻ






d1 d2 d3 d4
ɹ ΓW1 ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ (h2, d1)ɼঁੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ଘ
ࡏ͠ͳ͍ͷͰɼX1 = {(h2, d1)}ͱͳΔɻ






d1 d2 d3 d4
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ΓW2 ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺ɼঁੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ଘࡏ͠ͳ͍
ͷͰ X2 = ∅Ͱ͋ΓɼΓ′ = ΓW2 ͕ Γͷط໿҆ఆ݁ࠗάϥϑͱͳΔɻ
ఆٛ 3.6. ҆ఆ݁ࠗ෦෼άϥϑ ΓW ʹ͓͚Δ͢΂ͯͷ҆ఆϚονϯάͷू߹ΛM(ΓW )ͱද͢ɻ
ఆཧ 3.1. ([3]) ΓΛ҆ఆ݁ࠗάϥϑɼΓW Λ҆ఆ݁ࠗ෦෼άϥϑͱ͢Δͱ͖ɼ





ఆٛ 4.1. αΠζ nͷ҆ఆ݁ࠗ໰୊ʹ͓͚Δ҆ఆϚονϯάͷ࠷େ਺Λ f(n)ͱද͢ɻ
உঁ nਓͣͭͷϚονϯάͷ਺͸࠷େͰ΋ n!ݸͳͷͰɼf(n) ≤ n!Ͱ͋Δɻ
ྫ 4.1. f(n) ≤ n!ΑΓɼf(1) = 1, f(2) ≤ 2Ͱ͋Δɻ͜͜Ͱ࣍ͷر๬ϦετΛ࣋ͭαΠζ 2ͷ
҆ఆ݁ࠗ໰୊Λߟ͑Δɻ
h1 : d1 d2 d1 : h2 h1
h2 : d2 d1 d2 : h1 h2
2 ͭͷ҆ఆϚονϯάM1 = {(h1, d1), (h2, d2)},M2 = {(h1, d2), (h2, d1)} ͕ଘࡏ͢ΔͷͰɼ
f(2) = 2Ͱ͋Δɻ
ఆٛ 4.2. H = {h1, h2, · · · , hn}Λஉੑू߹ɼD = {d1, d2, · · · , dn}Λঁੑू߹ͱ͢ΔαΠζ n
ͷ҆ఆ݁ࠗ໰୊Λ I ͱ͢Δɻ͜ͷͱ͖ɼ1 ≤ i, j ≤ nʹରͯ͠
Mi,j = {M ∈M(I) | (hi, dj) ∈M}
ͱఆΊΔɻ·ͨɼஉੑू߹ Hi = H \ {hi}ɼঁੑू߹ Dj = D \ {dj}ͷ҆ఆ݁ࠗ໰୊Λ Ii,j ͱ
͓͖ɼͦͷ҆ఆ݁ࠗάϥϑΛ Γi,j ͱ͓͘ɻͨͩ͠ɼIi,j ͷر๬Ϧετʹ͍ͭͯ͸ɼI ͷر๬Ϧε
τ͔Β hi ͱ dj Λ࡟আ͢Δ͚ͩͰॱংͷೖΕସ͑͸͠ͳ͍ɻ
ΓW0 ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ (h1, d2), (h1, d3), (h4, d2)ɼঁੑ࠷ྑ఺ʹࢧ഑
͞Ε͍ͯΔ఺͸ (h2, d3), (h3, d1), (h4, d2), (h4, d4)Ͱ͋Δ͔Βɼ
X0 = {(h1, d2), (h1, d3), (h2, d3), (h3, d1), (h4, d2), (h4, d4)}
ͱͳΔɻ






d1 d2 d3 d4
ɹ ΓW1 ʹ͓͍ͯஉੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ (h2, d1)ɼঁੑ࠷ྑ఺ʹࢧ഑͞Ε͍ͯΔ఺͸ଘ
ࡏ͠ͳ͍ͷͰɼX1 = {(h2, d1)}ͱͳΔɻ






d1 d2 d3 d4
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ྫ 4.3. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊Λ I ͱ͠ɼM(I3,2)ΛٻΊΔɻI3,2 ͷر๬Ϧετ͸
h1 : d3 d1 d4 d1 : h4 h1 h2
h2 : d4 d1 d3 d3 : h2 h4 h1






I3,2 ͸҆ఆϚονϯάMa = {(h1, d1), (h2, d4), (h4, d3)}, Mb = {(h1, d4), (h2, d3), (h4, d1)}Λ
࣋ͪɼM(I3,2) = {Ma,Mb}Ͱ͋ΔɻΑͬͯɼ|M(I3,2)| = 2ͱͳΓɼྫ 4.2ΑΓ |M3,2| = 1Ͱ
͋Δ͔Βɼ|M3,2| ≤ |M(I3,2)|͕੒ཱ͢Δɻ
͜ͷྫͰ΋෼͔ΔΑ͏ʹɼ|Mi,j | = |M(Ii,j)|͕੒Γཱͭͱ͸ݶΒͳ͍ɻ
໋୊ 4.3. f(n) ≤ nf(n− 1)
ূ໌ ɹ
I Λ f(n)ݸͷ҆ఆϚονϯάΛ࣋ͭαΠζ nͷ҆ఆ݁ࠗ໰୊ͱ͢Δɻ
͜ͷͱ͖ɼIi,j ͸αΠζ n− 1ͷ҆ఆ݁ࠗ໰୊ͱͳΓɼ
|Mi,j | ≤ |M(Ii,j)| ≤ f(n− 1).
ैͬͯ






f(n− 1) = nf(n− 1)
ͱͳΔɻ
ྫ 4.2. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊ I ʹରͯ͠͸ɼҎԼͷ 3ͭͷ҆ఆϚονϯά͕ଘࡏ͢Δɻ
M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)},
M2 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)},
M3 = {(h1, d4), (h2, d2), (h3, d3), (h4, d1)}.
ैͬͯɼM1,1 = {M1,M2},M3,2 = {M1}Ͱ͋Δɻ·ͨɼI3,2 ͷر๬Ϧετ͸࣍ͷΑ͏ʹͳΔɻ
h1 : d3 d1 d4 d1 : h4 h1 h2
h2 : d4 d1 d3 d3 : h2 h4 h1
h4 : d3 d1 d4 d4 : h1 h4 h2
ϚονϯάͷఆٛΑΓɼ͕࣍੒Γཱͭɻ
໋୊ 4.1. ɹ



















(1) M ∈Mi,j ʹରͯ͠M ′ = M \ {(hi, dj)}ͱ͓͘ͱ͖ɼ M ′ ∈M(Ii,j)Ͱ͋Δɻ
(2) |Mi,j | ≤ |M(Ii,j)|
ূ໌ ɹ
(1) M ͸ϚονϯάͰ͋Δ͔ΒɼM ′ ΋ϚονϯάͰ͋Δɻ·ͨɼM ′ ͕ෆ҆ఆϖΞ (h, d)Λ
࣋ͭͱ͢Δͱɼ(h, d)͸M ʹ͓͍ͯ΋ෆ҆ఆϖΞͱͳΔɻ͜Ε͸M ͕҆ఆϚονϯάͰ
͋Δ͜ͱʹໃ६͢Δ͔ΒɼM ′ ΋҆ఆϚονϯάͰ͋ΓɼM ′ ∈M(Ii,j)͕੒Γཱͭɻ
(2) (1) ΑΓ {M ′ | M ∈ Mi,j} ⊂ M(Ii,j) Ͱ͋ΓɼM1,M2 ∈ Mi,j ,M1 ̸= M2 ͱ͢Δͱ
M ′1 ̸= M ′2 Ͱ͋Δ͔Βɼ|Mi,j | ≤ |M(Ii,j)|͕੒Γཱͭɻ
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ྫ 4.3. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊Λ I ͱ͠ɼM(I3,2)ΛٻΊΔɻI3,2 ͷر๬Ϧετ͸
h1 : d3 d1 d4 d1 : h4 h1 h2
h2 : d4 d1 d3 d3 : h2 h4 h1






I3,2 ͸҆ఆϚονϯάMa = {(h1, d1), (h2, d4), (h4, d3)}, Mb = {(h1, d4), (h2, d3), (h4, d1)}Λ
࣋ͪɼM(I3,2) = {Ma,Mb}Ͱ͋ΔɻΑͬͯɼ|M(I3,2)| = 2ͱͳΓɼྫ 4.2ΑΓ |M3,2| = 1Ͱ
͋Δ͔Βɼ|M3,2| ≤ |M(I3,2)|͕੒ཱ͢Δɻ
͜ͷྫͰ΋෼͔ΔΑ͏ʹɼ|Mi,j | = |M(Ii,j)|͕੒Γཱͭͱ͸ݶΒͳ͍ɻ
໋୊ 4.3. f(n) ≤ nf(n− 1)
ূ໌ ɹ
I Λ f(n)ݸͷ҆ఆϚονϯάΛ࣋ͭαΠζ nͷ҆ఆ݁ࠗ໰୊ͱ͢Δɻ
͜ͷͱ͖ɼIi,j ͸αΠζ n− 1ͷ҆ఆ݁ࠗ໰୊ͱͳΓɼ
|Mi,j | ≤ |M(Ii,j)| ≤ f(n− 1).
ैͬͯ






f(n− 1) = nf(n− 1)
ͱͳΔɻ
ྫ 4.2. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊ I ʹରͯ͠͸ɼҎԼͷ 3ͭͷ҆ఆϚονϯά͕ଘࡏ͢Δɻ
M1 = {(h1, d1), (h2, d4), (h3, d2), (h4, d3)},
M2 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)},
M3 = {(h1, d4), (h2, d2), (h3, d3), (h4, d1)}.
ैͬͯɼM1,1 = {M1,M2},M3,2 = {M1}Ͱ͋Δɻ·ͨɼI3,2 ͷر๬Ϧετ͸࣍ͷΑ͏ʹͳΔɻ
h1 : d3 d1 d4 d1 : h4 h1 h2
h2 : d4 d1 d3 d3 : h2 h4 h1
h4 : d3 d1 d4 d4 : h1 h4 h2
ϚονϯάͷఆٛΑΓɼ͕࣍੒Γཱͭɻ
໋୊ 4.1. ɹ



















(1) M ∈Mi,j ʹରͯ͠M ′ = M \ {(hi, dj)}ͱ͓͘ͱ͖ɼ M ′ ∈M(Ii,j)Ͱ͋Δɻ
(2) |Mi,j | ≤ |M(Ii,j)|
ূ໌ ɹ
(1) M ͸ϚονϯάͰ͋Δ͔ΒɼM ′ ΋ϚονϯάͰ͋Δɻ·ͨɼM ′ ͕ෆ҆ఆϖΞ (h, d)Λ
࣋ͭͱ͢Δͱɼ(h, d)͸M ʹ͓͍ͯ΋ෆ҆ఆϖΞͱͳΔɻ͜Ε͸M ͕҆ఆϚονϯάͰ
͋Δ͜ͱʹໃ६͢Δ͔ΒɼM ′ ΋҆ఆϚονϯάͰ͋ΓɼM ′ ∈M(Ii,j)͕੒Γཱͭɻ
(2) (1) ΑΓ {M ′ | M ∈ Mi,j} ⊂ M(Ii,j) Ͱ͋ΓɼM1,M2 ∈ Mi,j ,M1 ̸= M2 ͱ͢Δͱ
M ′1 ̸= M ′2 Ͱ͋Δ͔Βɼ|Mi,j | ≤ |M(Ii,j)|͕੒Γཱͭɻ
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(2) M0 ∈ M(Ii,j) ͕M0 ∩ Vi,j = ∅ Λຬͨ͢ͱ͠ɼM = M0 ∪ {(hi, dj)} ͱ͓͘ͱɼM ͸
(hi, dj)ΛؚΉϚονϯάͰ͋Δɻ͜͜ͰɼM ͕ෆ҆ఆϖΞ (h, d)Λ࣋ͭͱ͢ΔͱɼM0
͸Hi ×Dj ʹ͓͚Δ҆ఆϚονϯά͔ͩΒ (h, d) ̸∈ Hi ×Dj Ͱ͋Δɻैͬͯɼh = hi ·
ͨ͸ d = dj ͱͳΔɻ
(i) h = hi ͷ৔߹
͜ͷͱ͖ (h, d) ͸ (hi, dk) (k ̸= j) ͱ͓͚Δɻ(hi, dk) ͕ M ͷෆ҆ఆϖΞͰ
͋Δ͜ͱΑΓɼhi <dk PM (dk) = PM0(dk), dk <hi PM (hi) = dj Ͱ͋ΔͷͰɼ
(PM0(dk), dk) ∈ V 1i,j ⊂ Vi,j ͱͳΔɻ͢Δͱɼ(PM0(dk), dk) ∈ M0 ∩ Vi,j ͱͳΓɼ
M0 ∩ Vi,j = ∅Ͱ͋Δ͜ͱʹໃ६͢Δɻ
(ii) d = dj ͷ৔߹
͜ͷͱ͖ (h, d) ͸ (hk, dj) (k ̸= i) ͱ͓͚Δɻ(hk, dj) ͕ M ͷෆ҆ఆϖΞͰ
͋Δ͜ͱΑΓɼhk <dj PM (dj) = hi, dj <hk PM (hk) = PM0(hk) Ͱ͋ΔͷͰɼ
(hk, PM0(hk)) ∈ V 2i,j ⊂ Vi,j ͱͳΔɻ͢Δͱɼ(hk, PM0(hk)) ∈ M0 ∩ Vi,j ͱͳΓɼ
M0 ∩ Vi,j = ∅Ͱ͋Δ͜ͱʹໃ६͢Δɻ
(i),(ii)ΑΓM ͸ෆ҆ఆϖΞΛ࣋ͨͳ͍ͷͰ҆ఆϚονϯάͱͳΓM ∈Mi,j Ͱ͋Δɻ
ఆٛ 4.4. Wi,j = (Hi ×Dj) \ Vi,j ͱ͓͖ɼIi,j ͷ҆ఆ݁ࠗάϥϑ Γi,j ͷ҆ఆ݁ࠗ෦෼άϥϑ
(Γi,j)Wi,j Λ Gi,j ͱ͓͘ɻ͞ΒʹɼGi,j ͷط໿҆ఆ݁ࠗ෦෼άϥϑΛ G′i,j Ͱද͠ɼط໿҆ఆ݁
ࠗॖখάϥϑͱ͍͏ɻ
ྫ 4.5. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊ I Λ༻͍Δɻྫ 4.3ΑΓ I3,2 ͷر๬Ϧετ͸
h1 : d3 d1 d4 d1 : h4 h1 h2
h2 : d4 d1 d3 d3 : h2 h4 h1






໋୊ 4.2 (1)ͰɼMi,j ͔ΒM(Ii,j)΁ͷࣸ૾Λ
Mi,j ∋M �→M ′ = M \ {(hi, dj)} ∈ M(Ii,j)
ʹΑΓఆΊͨɻ͜͜Ͱɼٯͷࣸ૾Λߟ͑Δɻͭ·ΓM0 ∈M(Ii,j)ʹର͠ɼM = M0∪{(hi, dj)}
ͱఆΊΔɻ͜ͷͱ͖ M ͸ϚονϯάͱͳΔ͕ɼM ∈ Mi,j Λຬͨ͢ͱ͸ݶΒͳ͍ɻ࣮ࡍɼྫ
4.3ͷMb = {(h1, d4), (h2, d3), (h4, d1)} ∈ M(I3,2)Ͱ͸ɼM = Mb ∪ {(h3, d2)}͸ෆ҆ఆϖΞ
(h2, d2)Λ࣋ͭͷͰ҆ఆϚονϯάͰ͸ͳ͍ɻ
͜͜ͰɼM = M0 ∪ {(hi, dj)}͕҆ఆϚονϯάͱͳΔͨΊͷ৚݅ΛٻΊΔɻ
M0 ∈M(Ii,j)Ͱ͋Δ͔ΒɼHi×Dj ʹؚ·ΕΔ఺͸M ͷෆ҆ఆϖΞͱͳΒͳ͍ɻΑͬͯɼM
ͷෆ҆ఆϖΞͱͳΓಘΔͷ͸ɼ఺ (hi, dk) (k ̸= j) ·ͨ͸఺ (hk, dj) (k ̸= i)Ͱ͋Δɻ఺ (hi, dk)
͕M ͷෆ҆ఆϖΞͱͳΔͷ͸ dk <hi dj , hi <dk PM (dk) = PM0(dk) ͷ৔߹Ͱ͋Δɻಉ༷ʹɼ
఺ (hk, dj) ͕M ͷෆ҆ఆϖΞͱͳΔͷ͸ hk <dj hi, dj <hk PM (hk) = PM0(hk) ͷ৔߹Ͱ͋
Δɻͦ͜ͰɼM = M0 ∪ {(hi, dj)}͕҆ఆϚονϯάͱͳΔͨΊʹ Hi ×Dj ͔Βআ֎͢΂͖఺
ͷू߹Λఆٛ͢Δɻ
ఆٛ 4.3. 1 ≤ i, j ≤ nʹର͠ɼV 1i,j , V 2i,j , Vi,j Λ࣍ʹΑΓఆΊΔɻ
V 1i,j = {(h, d) ∈ Hi ×Dj | hi <d h, d <hi dj},
V 2i,j = {(h, d) ∈ Hi ×Dj | h <dj hi, dj <h d},
Vi,j = V
1
i,j ∪ V 2i,j .
ྫ 4.4. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊ I ͷ৔߹͸ɼV 13,2 = ∅, V 23,2 = {(h2, d3)}ͱͳΓɼV3,2 = {(h2, d3)}
Ͱ͋Δɻ
໋୊ 4.4. ɹ
(1) M ∈Mi,j ʹରͯ͠M ′ = M \ {(hi, dj)}ͱ͓͘ͱ͖ɼM ′ ∩ Vi,j = ∅Ͱ͋Δɻ
(2) M0 ∈M(Ii,j)͕M0 ∩ Vi,j = ∅Λຬͨ͢ͱ͖ɼM = M0 ∪ {(hi, dj)} ∈ Mi,j Ͱ͋Δɻ
ূ໌ ɹ
(1) M ′ ∩ V 1i,j ̸= ∅ͱԾఆ͢Δɻ
(h, d) ∈ M ′ ∩ V 1i,j ⊂ M ∩ V 1i,j ͱ͢Δͱɼhi <d h = PM (d), d <hi dj = PM (hi) ΑΓɼ
(hi, d)͕M ͷෆ҆ఆϖΞͱͳΔɻ͜Ε͸M ͕҆ఆϚονϯάͰ͋Δ͜ͱʹໃ६͢Δͷ
ͰM ′ ∩ V 1i,j = ∅Ͱ͋Δɻ
ಉ༷ʹͯ͠ɼM ′ ∩ V 2i,j = ∅͕ݴ͑ΔͷͰɼM ′ ∩ Vi,j = ∅͕੒Γཱͭɻ
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(2) M0 ∈ M(Ii,j) ͕M0 ∩ Vi,j = ∅ Λຬͨ͢ͱ͠ɼM = M0 ∪ {(hi, dj)} ͱ͓͘ͱɼM ͸
(hi, dj)ΛؚΉϚονϯάͰ͋Δɻ͜͜ͰɼM ͕ෆ҆ఆϖΞ (h, d)Λ࣋ͭͱ͢ΔͱɼM0
͸Hi ×Dj ʹ͓͚Δ҆ఆϚονϯά͔ͩΒ (h, d) ̸∈ Hi ×Dj Ͱ͋Δɻैͬͯɼh = hi ·
ͨ͸ d = dj ͱͳΔɻ
(i) h = hi ͷ৔߹
͜ͷͱ͖ (h, d) ͸ (hi, dk) (k ̸= j) ͱ͓͚Δɻ(hi, dk) ͕ M ͷෆ҆ఆϖΞͰ
͋Δ͜ͱΑΓɼhi <dk PM (dk) = PM0(dk), dk <hi PM (hi) = dj Ͱ͋ΔͷͰɼ
(PM0(dk), dk) ∈ V 1i,j ⊂ Vi,j ͱͳΔɻ͢Δͱɼ(PM0(dk), dk) ∈ M0 ∩ Vi,j ͱͳΓɼ
M0 ∩ Vi,j = ∅Ͱ͋Δ͜ͱʹໃ६͢Δɻ
(ii) d = dj ͷ৔߹
͜ͷͱ͖ (h, d) ͸ (hk, dj) (k ̸= i) ͱ͓͚Δɻ(hk, dj) ͕ M ͷෆ҆ఆϖΞͰ
͋Δ͜ͱΑΓɼhk <dj PM (dj) = hi, dj <hk PM (hk) = PM0(hk) Ͱ͋ΔͷͰɼ
(hk, PM0(hk)) ∈ V 2i,j ⊂ Vi,j ͱͳΔɻ͢Δͱɼ(hk, PM0(hk)) ∈ M0 ∩ Vi,j ͱͳΓɼ
M0 ∩ Vi,j = ∅Ͱ͋Δ͜ͱʹໃ६͢Δɻ
(i),(ii)ΑΓM ͸ෆ҆ఆϖΞΛ࣋ͨͳ͍ͷͰ҆ఆϚονϯάͱͳΓM ∈Mi,j Ͱ͋Δɻ
ఆٛ 4.4. Wi,j = (Hi ×Dj) \ Vi,j ͱ͓͖ɼIi,j ͷ҆ఆ݁ࠗάϥϑ Γi,j ͷ҆ఆ݁ࠗ෦෼άϥϑ
(Γi,j)Wi,j Λ Gi,j ͱ͓͘ɻ͞ΒʹɼGi,j ͷط໿҆ఆ݁ࠗ෦෼άϥϑΛ G′i,j Ͱද͠ɼط໿҆ఆ݁
ࠗॖখάϥϑͱ͍͏ɻ
ྫ 4.5. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊ I Λ༻͍Δɻྫ 4.3ΑΓ I3,2 ͷر๬Ϧετ͸
h1 : d3 d1 d4 d1 : h4 h1 h2
h2 : d4 d1 d3 d3 : h2 h4 h1






໋୊ 4.2 (1)ͰɼMi,j ͔ΒM(Ii,j)΁ͷࣸ૾Λ
Mi,j ∋M �→M ′ = M \ {(hi, dj)} ∈ M(Ii,j)
ʹΑΓఆΊͨɻ͜͜Ͱɼٯͷࣸ૾Λߟ͑Δɻͭ·ΓM0 ∈M(Ii,j)ʹର͠ɼM = M0∪{(hi, dj)}
ͱఆΊΔɻ͜ͷͱ͖ M ͸ϚονϯάͱͳΔ͕ɼM ∈ Mi,j Λຬͨ͢ͱ͸ݶΒͳ͍ɻ࣮ࡍɼྫ
4.3ͷMb = {(h1, d4), (h2, d3), (h4, d1)} ∈ M(I3,2)Ͱ͸ɼM = Mb ∪ {(h3, d2)}͸ෆ҆ఆϖΞ
(h2, d2)Λ࣋ͭͷͰ҆ఆϚονϯάͰ͸ͳ͍ɻ
͜͜ͰɼM = M0 ∪ {(hi, dj)}͕҆ఆϚονϯάͱͳΔͨΊͷ৚݅ΛٻΊΔɻ
M0 ∈M(Ii,j)Ͱ͋Δ͔ΒɼHi×Dj ʹؚ·ΕΔ఺͸M ͷෆ҆ఆϖΞͱͳΒͳ͍ɻΑͬͯɼM
ͷෆ҆ఆϖΞͱͳΓಘΔͷ͸ɼ఺ (hi, dk) (k ̸= j) ·ͨ͸఺ (hk, dj) (k ̸= i)Ͱ͋Δɻ఺ (hi, dk)
͕M ͷෆ҆ఆϖΞͱͳΔͷ͸ dk <hi dj , hi <dk PM (dk) = PM0(dk) ͷ৔߹Ͱ͋Δɻಉ༷ʹɼ
఺ (hk, dj) ͕M ͷෆ҆ఆϖΞͱͳΔͷ͸ hk <dj hi, dj <hk PM (hk) = PM0(hk) ͷ৔߹Ͱ͋
Δɻͦ͜ͰɼM = M0 ∪ {(hi, dj)}͕҆ఆϚονϯάͱͳΔͨΊʹ Hi ×Dj ͔Βআ֎͢΂͖఺
ͷू߹Λఆٛ͢Δɻ
ఆٛ 4.3. 1 ≤ i, j ≤ nʹର͠ɼV 1i,j , V 2i,j , Vi,j Λ࣍ʹΑΓఆΊΔɻ
V 1i,j = {(h, d) ∈ Hi ×Dj | hi <d h, d <hi dj},
V 2i,j = {(h, d) ∈ Hi ×Dj | h <dj hi, dj <h d},
Vi,j = V
1
i,j ∪ V 2i,j .
ྫ 4.4. ྫ 2.1ͷ҆ఆ݁ࠗ໰୊ I ͷ৔߹͸ɼV 13,2 = ∅, V 23,2 = {(h2, d3)}ͱͳΓɼV3,2 = {(h2, d3)}
Ͱ͋Δɻ
໋୊ 4.4. ɹ
(1) M ∈Mi,j ʹରͯ͠M ′ = M \ {(hi, dj)}ͱ͓͘ͱ͖ɼM ′ ∩ Vi,j = ∅Ͱ͋Δɻ
(2) M0 ∈M(Ii,j)͕M0 ∩ Vi,j = ∅Λຬͨ͢ͱ͖ɼM = M0 ∪ {(hi, dj)} ∈ Mi,j Ͱ͋Δɻ
ূ໌ ɹ
(1) M ′ ∩ V 1i,j ̸= ∅ͱԾఆ͢Δɻ
(h, d) ∈ M ′ ∩ V 1i,j ⊂ M ∩ V 1i,j ͱ͢Δͱɼhi <d h = PM (d), d <hi dj = PM (hi) ΑΓɼ
(hi, d)͕M ͷෆ҆ఆϖΞͱͳΔɻ͜Ε͸M ͕҆ఆϚονϯάͰ͋Δ͜ͱʹໃ६͢Δͷ
ͰM ′ ∩ V 1i,j = ∅Ͱ͋Δɻ
ಉ༷ʹͯ͠ɼM ′ ∩ V 2i,j = ∅͕ݴ͑ΔͷͰɼM ′ ∩ Vi,j = ∅͕੒Γཱͭɻ
 宮下・櫻本：安定マッチングの最大数と安定結婚グラフについて 95
f ′(n)͸ɼαΠζ nͷط໿҆ఆ݁ࠗάϥϑͰɼ఺ͷ਺͕ n2 ݸͷάϥϑ͕࣋ͭ҆ఆϚονϯάͷ
࠷େ਺Λɼfk(n)͸ɼαΠζ nͷ҆ఆ݁ࠗάϥϑͷط໿҆ఆ݁ࠗ෦෼άϥϑͰɼ఺ͷ਺͕ n2 − k
ݸҎԼͷάϥϑ͕࣋ͭ҆ఆϚονϯάͷ࠷େ਺Λද͍ͯ͠Δɻ
ఆٛΑΓɼf(n) = f0(n)Ͱ͋Γɼk < lͷͱ͖ fk(n) ≥ fl(n)͕੒Γཱͭɻ
໋୊ 4.6. mΛ nҎԼͷਖ਼ͷ੔਺ͱ͢Δɻ(m−1)n < k ≤ mnͷͱ͖ fk(n) ≤ (n−m)f(n−1)
Ͱ͋Δɻ
ূ໌ ɹ
Γ′W ΛαΠζ nͷ҆ఆ݁ࠗάϥϑͷط໿҆ఆ݁ࠗ෦෼άϥϑͰɼ|V (Γ′W )| ≤ n2 − k Ͱ͋Δ΋
ͷͱ͢Δͱɼ(m− 1)n < k ≤ mnͷͱ͖ |V (Γ′W )| ≤ n2 − k < n2 − (m− 1)n = n(n−m+ 1)




ri = |V (Γ′W )| < n(n−m+ 1)ΑΓ R < n−m+ 1ͱͳΓɼR͸੔
਺Ͱ͋Δ͔Β R ≤ n−mͱͳΔɻΑͬͯɼiΛ ri = RͱͳΔ஋ͱ͢ΔͱɼMi,1, · · · ,Mi,n ͷ




|Mi,j | ≤ (n−m)f(n− 1)
ͱͳΔɻैͬͯɼfk(n) ≤ (n−m)f(n− 1)Ͱ͋Δɻ
(4.1)ΑΓ
|M(G′i,j)| ≤ f|Vi,j |(n− 1)
͕੒ΓཱͭͷͰɼ໋୊ 4.1, ఆཧ 4.1ΑΓ࣍ͷఆཧ͕ಘΒΕΔɻ








f|Vi,j |(n− 1) (j = 1, 2, · · · , n)
k = 1, 2ʹରͯ͠ɼ|Vi,j | ≥ |V ki,j |ΑΓ f|Vi,j |(n − 1) ≤ f|V ki,j |(n − 1) ͕੒ཱ͠ɼ|V ki,j |ʹ͍ͭ
ͯ͸͕࣍੒Γཱͭɻ











ɹɹɹ G3,2 ɹɹɹ G′3,2
໋୊ 4.4ΑΓɼ͕࣍੒ཱ͢Δɻ
໋୊ 4.5. ɹ
(1) M ∈Mi,j ʹରͯ͠M ′ =M \ {(hi, dj)}ͱ͓͘ͱ͖ɼ M ′ ∈M(Gi,j)Ͱ͋Δɻ
(2) M0 ∈M(Gi,j)ʹରͯ͠M =M0 ∪ {(hi, dj)}ͱ͓͘ͱ ͖ɼM ∈Mi,j Ͱ͋Δɻ
໋୊ 4.5ΑΓɼMi,j ∋M �→M ′ =M \ {(hi, dj)} ∈ M(Gi,j)͸શ୯ࣹͱͳΔ͔Βɼఆཧ 3.1
ΑΓ͕࣍੒Γཱͭɻ
ఆཧ 4.1. |Mi,j | = |M(Gi,j)| = |M(G′i,j)|
࣍ʹɼط໿҆ఆ݁ࠗॖখάϥϑ G′i,j ͷ఺ͷ਺ʹ͍ͭͯௐ΂Δɻ
άϥϑ Gͷ఺ू߹Λ V (G)Ͱද͢ͱɼV (G′i,j) ⊂ V (Gi,j) = (Hi ×Dj) \ Vi,j Ͱ͋Δ͔Β
|V (G′i,j)| ≤ |V (Gi,j)| = (n− 1)2 − |Vi,j | (4.1)
ͱͳΔɻ
ఆٛ 4.5. αΠζ nͷ҆ఆ݁ࠗ໰୊ͷ҆ఆ݁ࠗάϥϑશମͷू߹Λ Gn Ͱද͠ɼn2 ҎԼͷඇෛ੔
਺ k ʹରͯ͠ɼ
f ′(n) = max{ |M(Γ)| | Γ = Γ′,Γ ∈ Gn},
fk(n) = max{ |M(Γ′W )| | |V (Γ′W )| ≤ n2 − k,W ⊂ H ×D,Γ ∈ Gn}
ͱఆΊΔɻ
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f ′(n)͸ɼαΠζ nͷط໿҆ఆ݁ࠗάϥϑͰɼ఺ͷ਺͕ n2 ݸͷάϥϑ͕࣋ͭ҆ఆϚονϯάͷ
࠷େ਺Λɼfk(n)͸ɼαΠζ nͷ҆ఆ݁ࠗάϥϑͷط໿҆ఆ݁ࠗ෦෼άϥϑͰɼ఺ͷ਺͕ n2 − k
ݸҎԼͷάϥϑ͕࣋ͭ҆ఆϚονϯάͷ࠷େ਺Λද͍ͯ͠Δɻ
ఆٛΑΓɼf(n) = f0(n)Ͱ͋Γɼk < lͷͱ͖ fk(n) ≥ fl(n)͕੒Γཱͭɻ
໋୊ 4.6. mΛ nҎԼͷਖ਼ͷ੔਺ͱ͢Δɻ(m−1)n < k ≤ mnͷͱ͖ fk(n) ≤ (n−m)f(n−1)
Ͱ͋Δɻ
ূ໌ ɹ
Γ′W ΛαΠζ nͷ҆ఆ݁ࠗάϥϑͷط໿҆ఆ݁ࠗ෦෼άϥϑͰɼ|V (Γ′W )| ≤ n2 − k Ͱ͋Δ΋
ͷͱ͢Δͱɼ(m− 1)n < k ≤ mnͷͱ͖ |V (Γ′W )| ≤ n2 − k < n2 − (m− 1)n = n(n−m+ 1)




ri = |V (Γ′W )| < n(n−m+ 1)ΑΓ R < n−m+ 1ͱͳΓɼR͸੔
਺Ͱ͋Δ͔Β R ≤ n−mͱͳΔɻΑͬͯɼiΛ ri = RͱͳΔ஋ͱ͢ΔͱɼMi,1, · · · ,Mi,n ͷ




|Mi,j | ≤ (n−m)f(n− 1)
ͱͳΔɻैͬͯɼfk(n) ≤ (n−m)f(n− 1)Ͱ͋Δɻ
(4.1)ΑΓ
|M(G′i,j)| ≤ f|Vi,j |(n− 1)
͕੒ΓཱͭͷͰɼ໋୊ 4.1, ఆཧ 4.1ΑΓ࣍ͷఆཧ͕ಘΒΕΔɻ








f|Vi,j |(n− 1) (j = 1, 2, · · · , n)
k = 1, 2ʹରͯ͠ɼ|Vi,j | ≥ |V ki,j |ΑΓ f|Vi,j |(n − 1) ≤ f|V ki,j |(n − 1) ͕੒ཱ͠ɼ|V ki,j |ʹ͍ͭ
ͯ͸͕࣍੒Γཱͭɻ











ɹɹɹ G3,2 ɹɹɹ G′3,2
໋୊ 4.4ΑΓɼ͕࣍੒ཱ͢Δɻ
໋୊ 4.5. ɹ
(1) M ∈Mi,j ʹରͯ͠M ′ =M \ {(hi, dj)}ͱ͓͘ͱ͖ɼ M ′ ∈M(Gi,j)Ͱ͋Δɻ
(2) M0 ∈M(Gi,j)ʹରͯ͠M =M0 ∪ {(hi, dj)}ͱ͓͘ͱ ͖ɼM ∈Mi,j Ͱ͋Δɻ
໋୊ 4.5ΑΓɼMi,j ∋M �→M ′ =M \ {(hi, dj)} ∈ M(Gi,j)͸શ୯ࣹͱͳΔ͔Βɼఆཧ 3.1
ΑΓ͕࣍੒Γཱͭɻ
ఆཧ 4.1. |Mi,j | = |M(Gi,j)| = |M(G′i,j)|
࣍ʹɼط໿҆ఆ݁ࠗॖখάϥϑ G′i,j ͷ఺ͷ਺ʹ͍ͭͯௐ΂Δɻ
άϥϑ Gͷ఺ू߹Λ V (G)Ͱද͢ͱɼV (G′i,j) ⊂ V (Gi,j) = (Hi ×Dj) \ Vi,j Ͱ͋Δ͔Β
|V (G′i,j)| ≤ |V (Gi,j)| = (n− 1)2 − |Vi,j | (4.1)
ͱͳΔɻ
ఆٛ 4.5. αΠζ nͷ҆ఆ݁ࠗ໰୊ͷ҆ఆ݁ࠗάϥϑશମͷू߹Λ Gn Ͱද͠ɼn2 ҎԼͷඇෛ੔
਺ k ʹରͯ͠ɼ
f ′(n) = max{ |M(Γ)| | Γ = Γ′,Γ ∈ Gn},
fk(n) = max{ |M(Γ′W )| | |V (Γ′W )| ≤ n2 − k,W ⊂ H ×D,Γ ∈ Gn}
ͱఆΊΔɻ
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ఆཧ 4.3. nΛ 3Ҏ্ͷ੔਺ͱ͢Δͱ͖ɼf ′(n) ≤ f(n− 1) + (n− 1)f1(n− 1)͕੒Γཱͭɻ
ূ໌ ɹ
n Λ 3 Ҏ্ͷ੔਺ͱ͠ɼαΠζ n ͷ҆ఆ݁ࠗ໰୊ I ͷط໿҆ఆ݁ࠗάϥϑ͸ n2 ݸͷ఺Λ࣋
ͭͱ͢Δɻఆཧ 4.2ΑΓ |M(I)| ≤
n∑
j=1
f|V1,j |(n− 1)Ͱ͋Γɼrankh1(dj) ̸= 2ͷͱ͖͸ Vi,j ̸= ∅
Ͱ͋Δ͔Β
|M(I)| ≤ f(n− 1) + (n− 1)f1(n− 1)
ͱͳΔɻΑͬͯɼ
f ′(n) ≤ f(n− 1) + (n− 1)f1(n− 1)
͕੒ཱ͢Δɻ
໋୊ 4.9. nΛ 3Ҏ্ͷ੔਺ͱ͢ΔɻαΠζ nͷ҆ఆ݁ࠗ໰୊ I ͷط໿҆ఆ݁ࠗάϥϑ͕ n2 ݸ
ͷ఺Λ࣋ͭͱ͖ɼҎԼ͕੒Γཱͭɻ
(1) rankhi(dj) = 2, hi <dj hk ͳΒ͹ |Mk,j | ≤ f(n− 2)Ͱ͋Δɻ
(2) rankdj (hi) = 2, dj <hi dk ͳΒ͹ |Mi,k| ≤ f(n− 2)Ͱ͋Δɻ
ূ໌ ɹ
(1) rankhi(dj) = 2, hi <dj hk ͱ͢ΔͱɼV 2k,j = {(h, d) ∈ H ×D | h <dj hk, dj <h d} Α
Γɼ{(hi, d) | dj <hi d} ⊂ V 2k,j ⊂ Vk,j ͱͳΔɻ·ͨɼrankhi(dj) = 2ΑΓɼ఺ (hi, dl)
Λஉੑ࠷ྑ఺ͱ͢Δͱɼ{(hi, dm) | m ̸= j, l} ⊂ Vk,j ͱͳΔɻ͜͜ͰɼM ∈ Mk,j ,
M ′ = M \{(hk, dj)}ͱ͓͘ͱɼ໋ ୊ 4.4 (1)ΑΓM ′∩Vk,j = ∅Ͱ͋Δ͔Β (hi, dl) ∈M ′
ͱͳΔɻΑͬͯɼM ′′ = M \ {(hk, dj), (hi, dl)}ͱ͓͘ͱɼM ′′ ͸ɼH \ {hi, hk}Λஉੑ
ू߹ɼD \ {dj , dl}Λঁੑू߹ͱ͢ΔαΠζ n− 2ͷ҆ఆ݁ࠗ໰୊ʹ͓͚Δ҆ఆϚονϯ





໋୊ 4.7. |V 1i,j | =
∑
d<hidj





d <hi dj ͱͳΔ dʹରͯ͠ɼ(h, d) ∈ V 1i,j ͱͳΔͷ͸ hi <d hɼ͢ ͳΘͪ rankd(hi) < rankd(h)
ͱͳΔ৔߹ͳͷͰɼV 1i,j ʹؚ·ΕΔ (h, d)͸ n− rankd(hi)ݸ͋Δɻ͕ͨͬͯ͠ɼ






໋୊ 4.8. nΛ 3Ҏ্ͷ੔਺ͱ͢ΔɻαΠζ nͷ҆ఆ݁ࠗ໰୊ I ͷط໿҆ఆ݁ࠗάϥϑ͕ n2 ݸ
ͷ఺Λ࣋ͭͱ͖ɼҎԼ͕੒Γཱͭɻ
(1) rankh(d) = 1ͱ rankd(h) = n͸ಉ஋Ͱ͋Δɻ
(2) rankd(h) = 1ͱ rankh(d) = n͸ಉ஋Ͱ͋Δɻ
(3) Vi,j = ∅ͱͳΔͨΊͷඞཁे෼৚݅͸ rankhi(dj) = rankdj (hi) = 2Ͱ͋Δɻ
ূ໌ ɹ
(1) rankh(d) = 1 ͷͱ͖ rankd(h) < n Ͱ͋Δͱ͢Δͱɼh <d h′ ͱͳΔஉੑ h′ ͕ଘࡏ͠ɼ
఺ (h′, d)͸உੑ࠷ྑ఺ (h, d) ʹࢧ഑͞ΕΔɻ͢Δͱɼ҆ఆ݁ࠗάϥϑͷط໿ԽͷաఔͰ
(h′, d) ͸࡟আ͞ΕΔͷͰɼط໿҆ఆ݁ࠗάϥϑͷ఺ͷ਺͸ n2 ΑΓগͳ͘ͳΓɼn2 ݸͷ
఺Λ࣋ͭ͜ͱʹ൓͢Δɻैͬͯɼrankd(h) = nͰ͋Δɻ·ͨɼrankh(d) = 1Λຬͨ͢఺
(h, d)͸ nݸ͋Γɼrankd(h) = nΛຬͨ͢఺ (h, d)΋ nݸ͋Δ͔Βɼrankd(h) = nͳΒ
͹ rankh(d) = 1΋ݴ͑Δɻ
(2)΋ಉ༷Ͱ͋Δɻ
(3) ໋୊ 4.7 ΑΓɼV 1i,j = ∅ ͱͳΔͷ͸ɼrankhi(dj) = 1 ͷͱ͖ɼ·ͨ͸ʮd <hi dj ͳΒ͹
rankd(hi) = nʯ͕੒Γཱͭͱ͖ʹݶΒΕΔɻ(1) ΑΓ rankd(hi) = n ͱ rankhi(d) = 1
͸ಉ஋Ͱ͋Δ͔Βɼʮd <hi dj ͳΒ͹ rankd(hi) = nʯ͕੒Γཱͭͷ͸ɼrankhi(dj) = 2
ͷ৔߹Ͱ͋ΔɻैͬͯɼV 1i,j = ∅ͱͳΔͷ͸ rankhi(dj) = 1, 2ͷͱ͖Ͱ͋Δɻಉ༷ʹ͠
ͯɼV 2i,j = ∅ͱͳΔͷ͸ rankdj (hi) = 1, 2ͷͱ͖Ͱ͋Δɻ
Vi,j = ∅͸ V 1i,j = V 2i,j = ∅ͱಉ஋Ͱ͋Δ͔ΒɼVi,j = ∅ͱͳΔͷ͸ rankhi(dj) = 1, 2ͱ
rankdj (hi) = 1, 2͕ಉ࣌ʹ੒Γཱͭͱ͖Ͱ͋Δɻ͔͠͠ɼ(1)ΑΓ rankhi(dj) = 1ͷͱ͖
͸ rankdj (hi) = n > 2ɼ(2)ΑΓ rankdj (hi) = 1ͷͱ͖͸ rankhi(dj) = n > 2Ͱ͋Δ͔
ΒɼVi,j = ∅ͱͳΔͨΊͷඞཁे෼৚݅͸ rankhi(dj) = rankdj (hi) = 2Ͱ͋Δɻ
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ఆཧ 4.3. nΛ 3Ҏ্ͷ੔਺ͱ͢Δͱ͖ɼf ′(n) ≤ f(n− 1) + (n− 1)f1(n− 1)͕੒Γཱͭɻ
ূ໌ ɹ
n Λ 3 Ҏ্ͷ੔਺ͱ͠ɼαΠζ n ͷ҆ఆ݁ࠗ໰୊ I ͷط໿҆ఆ݁ࠗάϥϑ͸ n2 ݸͷ఺Λ࣋
ͭͱ͢Δɻఆཧ 4.2ΑΓ |M(I)| ≤
n∑
j=1
f|V1,j |(n− 1)Ͱ͋Γɼrankh1(dj) ̸= 2ͷͱ͖͸ Vi,j ̸= ∅
Ͱ͋Δ͔Β
|M(I)| ≤ f(n− 1) + (n− 1)f1(n− 1)
ͱͳΔɻΑͬͯɼ
f ′(n) ≤ f(n− 1) + (n− 1)f1(n− 1)
͕੒ཱ͢Δɻ
໋୊ 4.9. nΛ 3Ҏ্ͷ੔਺ͱ͢ΔɻαΠζ nͷ҆ఆ݁ࠗ໰୊ I ͷط໿҆ఆ݁ࠗάϥϑ͕ n2 ݸ
ͷ఺Λ࣋ͭͱ͖ɼҎԼ͕੒Γཱͭɻ
(1) rankhi(dj) = 2, hi <dj hk ͳΒ͹ |Mk,j | ≤ f(n− 2)Ͱ͋Δɻ
(2) rankdj (hi) = 2, dj <hi dk ͳΒ͹ |Mi,k| ≤ f(n− 2)Ͱ͋Δɻ
ূ໌ ɹ
(1) rankhi(dj) = 2, hi <dj hk ͱ͢ΔͱɼV 2k,j = {(h, d) ∈ H ×D | h <dj hk, dj <h d} Α
Γɼ{(hi, d) | dj <hi d} ⊂ V 2k,j ⊂ Vk,j ͱͳΔɻ·ͨɼrankhi(dj) = 2ΑΓɼ఺ (hi, dl)
Λஉੑ࠷ྑ఺ͱ͢Δͱɼ{(hi, dm) | m ̸= j, l} ⊂ Vk,j ͱͳΔɻ͜͜ͰɼM ∈ Mk,j ,
M ′ = M \{(hk, dj)}ͱ͓͘ͱɼ໋ ୊ 4.4 (1)ΑΓM ′∩Vk,j = ∅Ͱ͋Δ͔Β (hi, dl) ∈M ′
ͱͳΔɻΑͬͯɼM ′′ = M \ {(hk, dj), (hi, dl)}ͱ͓͘ͱɼM ′′ ͸ɼH \ {hi, hk}Λஉੑ
ू߹ɼD \ {dj , dl}Λঁੑू߹ͱ͢ΔαΠζ n− 2ͷ҆ఆ݁ࠗ໰୊ʹ͓͚Δ҆ఆϚονϯ





໋୊ 4.7. |V 1i,j | =
∑
d<hidj





d <hi dj ͱͳΔ dʹରͯ͠ɼ(h, d) ∈ V 1i,j ͱͳΔͷ͸ hi <d hɼ͢ ͳΘͪ rankd(hi) < rankd(h)
ͱͳΔ৔߹ͳͷͰɼV 1i,j ʹؚ·ΕΔ (h, d)͸ n− rankd(hi)ݸ͋Δɻ͕ͨͬͯ͠ɼ






໋୊ 4.8. nΛ 3Ҏ্ͷ੔਺ͱ͢ΔɻαΠζ nͷ҆ఆ݁ࠗ໰୊ I ͷط໿҆ఆ݁ࠗάϥϑ͕ n2 ݸ
ͷ఺Λ࣋ͭͱ͖ɼҎԼ͕੒Γཱͭɻ
(1) rankh(d) = 1ͱ rankd(h) = n͸ಉ஋Ͱ͋Δɻ
(2) rankd(h) = 1ͱ rankh(d) = n͸ಉ஋Ͱ͋Δɻ
(3) Vi,j = ∅ͱͳΔͨΊͷඞཁे෼৚݅͸ rankhi(dj) = rankdj (hi) = 2Ͱ͋Δɻ
ূ໌ ɹ
(1) rankh(d) = 1 ͷͱ͖ rankd(h) < n Ͱ͋Δͱ͢Δͱɼh <d h′ ͱͳΔஉੑ h′ ͕ଘࡏ͠ɼ
఺ (h′, d)͸உੑ࠷ྑ఺ (h, d) ʹࢧ഑͞ΕΔɻ͢Δͱɼ҆ఆ݁ࠗάϥϑͷط໿ԽͷաఔͰ
(h′, d) ͸࡟আ͞ΕΔͷͰɼط໿҆ఆ݁ࠗάϥϑͷ఺ͷ਺͸ n2 ΑΓগͳ͘ͳΓɼn2 ݸͷ
఺Λ࣋ͭ͜ͱʹ൓͢Δɻैͬͯɼrankd(h) = nͰ͋Δɻ·ͨɼrankh(d) = 1Λຬͨ͢఺
(h, d)͸ nݸ͋Γɼrankd(h) = nΛຬͨ͢఺ (h, d)΋ nݸ͋Δ͔Βɼrankd(h) = nͳΒ
͹ rankh(d) = 1΋ݴ͑Δɻ
(2)΋ಉ༷Ͱ͋Δɻ
(3) ໋୊ 4.7 ΑΓɼV 1i,j = ∅ ͱͳΔͷ͸ɼrankhi(dj) = 1 ͷͱ͖ɼ·ͨ͸ʮd <hi dj ͳΒ͹
rankd(hi) = nʯ͕੒Γཱͭͱ͖ʹݶΒΕΔɻ(1) ΑΓ rankd(hi) = n ͱ rankhi(d) = 1
͸ಉ஋Ͱ͋Δ͔Βɼʮd <hi dj ͳΒ͹ rankd(hi) = nʯ͕੒Γཱͭͷ͸ɼrankhi(dj) = 2
ͷ৔߹Ͱ͋ΔɻैͬͯɼV 1i,j = ∅ͱͳΔͷ͸ rankhi(dj) = 1, 2ͷͱ͖Ͱ͋Δɻಉ༷ʹ͠
ͯɼV 2i,j = ∅ͱͳΔͷ͸ rankdj (hi) = 1, 2ͷͱ͖Ͱ͋Δɻ
Vi,j = ∅͸ V 1i,j = V 2i,j = ∅ͱಉ஋Ͱ͋Δ͔ΒɼVi,j = ∅ͱͳΔͷ͸ rankhi(dj) = 1, 2ͱ
rankdj (hi) = 1, 2͕ಉ࣌ʹ੒Γཱͭͱ͖Ͱ͋Δɻ͔͠͠ɼ(1)ΑΓ rankhi(dj) = 1ͷͱ͖
͸ rankdj (hi) = n > 2ɼ(2)ΑΓ rankdj (hi) = 1ͷͱ͖͸ rankhi(dj) = n > 2Ͱ͋Δ͔
ΒɼVi,j = ∅ͱͳΔͨΊͷඞཁे෼৚݅͸ rankhi(dj) = rankdj (hi) = 2Ͱ͋Δɻ
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·ͨɼ҆ఆϚονϯά͸࣍ͷ 3ͭͰ͋Δɻ
M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d3), (h3, d1)},
M3 = {(h1, d3), (h2, d2), (h3, d1)}.
ྫ 4.8. ɹ
h1 : d1 d3 d2 d1 : h3 h1 h2
h2 : d3 d2 d1 d2 : h1 h2 h3








M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d3), (h2, d2), (h3, d1)}.
࣍ʹɼfk(3)ͷ஋ΛٻΊΔɻ








h1 : d1 d2 d3 d1 : h3 h2 h1
h2 : d3 d1 d2 d2 : h2 h1 h3








M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d3), (h3, d1)},
M3 = {(h1, d3), (h2, d2), (h3, d1)}.
ྫ 4.7. ɹ
h1 : d1 d2 d3 d1 : h3 h2 h1
h2 : d3 d1 d2 d2 : h2 h1 h3









M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d3), (h3, d1)},
M3 = {(h1, d3), (h2, d2), (h3, d1)}.
ྫ 4.8. ɹ
h1 : d1 d3 d2 d1 : h3 h1 h2
h2 : d3 d2 d1 d2 : h1 h2 h3








M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d3), (h2, d2), (h3, d1)}.
࣍ʹɼfk(3)ͷ஋ΛٻΊΔɻ








h1 : d1 d2 d3 d1 : h3 h2 h1
h2 : d3 d1 d2 d2 : h2 h1 h3








M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d3), (h3, d1)},
M3 = {(h1, d3), (h2, d2), (h3, d1)}.
ྫ 4.7. ɹ
h1 : d1 d2 d3 d1 : h3 h2 h1
h2 : d3 d1 d2 d2 : h2 h1 h3








Δ͔Βɼf2(3) ≤ 3Ͱ͋Δɻ͜͜Ͱɼྫ 4.7ΑΓɼط໿҆ఆ݁ࠗάϥϑ͕ 7ݸͷ఺͔ΒͳΔαΠ
ζ 3ͷ҆ఆ݁ࠗ໰୊Ͱɼ3ݸͷ҆ఆϚονϯάΛ࣋ͭྫ͕ଘࡏ͢ΔͷͰ f2(3) = 3Ͱ͋Δɻ
໋୊ 4.12. f1(3) = 3
ূ໌ ɹ
໋୊ 4.11ΑΓɼط໿҆ఆ݁ࠗ෦෼άϥϑͷ఺ͷ਺͕ 7ݸҎԼͷ৔߹͸ɼ҆ ఆϚονϯάͷ਺͕ 3
ݸҎԼͱͳΔͷͰɼ8ݸͷ఺͔ΒͳΔط໿҆ఆ݁ࠗ෦෼άϥϑ Γ′W Λߟ͑Δɻ(h3, d3) ̸∈ V (Γ′W )
ͱͳΔΑ͏ʹ h3, d3 ΛఆΊΔɻ·ͨɼط໿Խͨ͠άϥϑ͸֤ྻɼ֤ߦʹஉੑ࠷ྑ఺ͱঁੑ࠷ྑ఺



















(h1, d1)ΛؚΉϚονϯάͷ਺͸࠷େͰ 1ͭɼ(h1, d3)ΛؚΉϚονϯάͷ਺΋࠷େͰ 1ͭͰ͋
Δ͔Βɼ҆ఆϚονϯάͷ਺͸ 2ݸҎԼͰ͋ΔɻΑͬͯɼf3(3) ≤ 2͕ݴ͑Δɻ͜͜Ͱɼྫ 4.8
ΑΓɼط໿҆ఆ݁ࠗάϥϑ͕ 6ݸͷ఺͔ΒͳΔαΠζ 3ͷ҆ఆ݁ࠗ໰୊Ͱɼ2ݸͷ҆ఆϚονϯ
άΛ࣋ͭྫ͕ଘࡏ͢ΔͷͰ f3(3) = 2Ͱ͋Δɻ











(h1, d1)ΛؚΉϚονϯάͷ਺͸࠷େͰ 1ͭɼ(h3, d1)ΛؚΉϚονϯάͷ਺͸࠷େͰ 2ͭͰ͋
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Δ͔Βɼf2(3) ≤ 3Ͱ͋Δɻ͜͜Ͱɼྫ 4.7ΑΓɼط໿҆ఆ݁ࠗάϥϑ͕ 7ݸͷ఺͔ΒͳΔαΠ
ζ 3ͷ҆ఆ݁ࠗ໰୊Ͱɼ3ݸͷ҆ఆϚονϯάΛ࣋ͭྫ͕ଘࡏ͢ΔͷͰ f2(3) = 3Ͱ͋Δɻ
໋୊ 4.12. f1(3) = 3
ূ໌ ɹ
໋୊ 4.11ΑΓɼط໿҆ఆ݁ࠗ෦෼άϥϑͷ఺ͷ਺͕ 7ݸҎԼͷ৔߹͸ɼ҆ ఆϚονϯάͷ਺͕ 3
ݸҎԼͱͳΔͷͰɼ8ݸͷ఺͔ΒͳΔط໿҆ఆ݁ࠗ෦෼άϥϑ Γ′W Λߟ͑Δɻ(h3, d3) ̸∈ V (Γ′W )
ͱͳΔΑ͏ʹ h3, d3 ΛఆΊΔɻ·ͨɼط໿Խͨ͠άϥϑ͸֤ྻɼ֤ߦʹஉੑ࠷ྑ఺ͱঁੑ࠷ྑ఺



















(h1, d1)ΛؚΉϚονϯάͷ਺͸࠷େͰ 1ͭɼ(h1, d3)ΛؚΉϚονϯάͷ਺΋࠷େͰ 1ͭͰ͋
Δ͔Βɼ҆ఆϚονϯάͷ਺͸ 2ݸҎԼͰ͋ΔɻΑͬͯɼf3(3) ≤ 2͕ݴ͑Δɻ͜͜Ͱɼྫ 4.8
ΑΓɼط໿҆ఆ݁ࠗάϥϑ͕ 6ݸͷ఺͔ΒͳΔαΠζ 3ͷ҆ఆ݁ࠗ໰୊Ͱɼ2ݸͷ҆ఆϚονϯ
άΛ࣋ͭྫ͕ଘࡏ͢ΔͷͰ f3(3) = 2Ͱ͋Δɻ











(h1, d1)ΛؚΉϚονϯάͷ਺͸࠷େͰ 1ͭɼ(h3, d1)ΛؚΉϚονϯάͷ਺͸࠷େͰ 2ͭͰ͋
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ఆཧ 4.4. αΠζ 3ͷ҆ఆ݁ࠗ໰୊ʹ͓͍ͯɼ҆ఆϚονϯάͷ਺ͷ࠷େ஋͸ 3Ͱ͋Δɻ͢ͳΘ
ͪɼf(3) = 3Ͱ͋Δɻ
ূ໌ ɹ






h1 : d1 d2 d3 d4 d1 : h4 h3 h2 h1
h2 : d2 d1 d4 d3 d2 : h3 h4 h1 h2
h3 : d3 d4 d1 d2 d3 : h2 h1 h4 h3






d1 d2 d3 d4
໋୊ 4.13. f ′(3) = 3
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αΠζ 3ͷط໿҆ఆ݁ࠗάϥϑͰ 9ݸͷ఺͔ΒͳΔ΋ͷΛߟ͑Δɻ(h1, d1)͕உੑ࠷ྑ఺ͱͳ
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M1 = {(h1, d1), (h2, d3), (h3, d2)},M2 = {(h1, d2), (h2, d1), (h3, d3)},
M3 = {(h1, d3), (h2, d2), (h3, d1)}.
ैͬͯɼf ′(3) = 3Ͱ͋Δɻ
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ఆཧ 4.4. αΠζ 3ͷ҆ఆ݁ࠗ໰୊ʹ͓͍ͯɼ҆ఆϚονϯάͷ਺ͷ࠷େ஋͸ 3Ͱ͋Δɻ͢ͳΘ
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(i),(ii)ΑΓ f ′(4) ≤ 10Ͱ͋Δɻ͜͜Ͱɼྫ 4.9ΑΓɼط໿҆ఆ݁ࠗάϥϑ͕ 16ݸͷ఺͔Βͳ
ΔαΠζ 4ͷ҆ఆ݁ࠗ໰୊Ͱɼ10ݸͷ҆ఆϚονϯάΛ࣋ͭྫ͕ଘࡏ͢ΔͷͰ f ′(4) = 10 Ͱ͋
Δɻ
໋୊ 4.6ΑΓ f1(4) ≤ 3f(3) = 9Ͱ͋Δ͔Βɼ໋୊ 4.14ΑΓ࣍ͷఆཧ͕੒Γཱͭɻ
ఆཧ 4.5. ɹ
αΠζ 4 ͷ҆ఆ݁ࠗ໰୊ʹ͓͍ͯɼ҆ఆϚονϯάͷ਺ͷ࠷େ஋͸ 10 Ͱ͋Δɻ͢ͳΘͪɼ
f(4) = 10Ͱ͋Δɻ
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·ͨɼ҆ఆϚονϯά͸࣍ͷ 10ݸͰ͋Δɻ
M1 = {(h1, d1), (h2, d2), (h3, d3), (h4, d4)}, M2 = {(h1, d2), (h2, d1), (h3, d3), (h4, d4)},
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໋୊ 4.14. f ′(4) = 10
ূ໌ ɹ
I ΛαΠζ 4 ͷ҆ఆ݁ࠗ໰୊Ͱɼط໿҆ఆ݁ࠗάϥϑ Γ′ ͕ 16 ݸͷ఺Λ࣋ͭ΋ͷͱ͢ΔɻΓ′
ͷ఺Ͱɼஉੑ࠷ྑ఺Ͱ΋ঁੑ࠷ྑ఺Ͱ΋ͳ͍఺ (h, d)ʹରͯ͠͸ɼrankh(d), rankd(h)͸ͦΕͧ
Ε 2, 3ͷ͍ͣΕ͔ͷ஋ΛऔΔͷͰɼ(rankh(d), rankd(h))͸ (2, 2), (2, 3), (3, 2)·ͨ͸ (3, 3)Ͱ
͋Δɻ
(i) (rankhi(dj), rankdj (hi)) = (2, 2)ͱͳΔ఺ (hi, dj)͕ଘࡏ͢Δ৔߹
rankdj (hi) = 2ΑΓɼhi <dj hk ͱͳΔ k ∈ {1, 2, 3, 4}͸ 2ͭଘࡏ͠ɼ͜ͷ kʹରͯ͠͸




|Ml,j | ≤ 2f(3) + 2f(2) = 10
Ͱ͋Δɻ
(ii) (rankhi(dj), rankdj (hi)) = (2, 2)ͱͳΔ఺ (hi, dj)͕ଘࡏ͠ͳ͍৔߹
͜ͷͱ͖͸ rankh(d) = 2 ͳΒ͹ rankd(h) = 3 ͱͳΓɼ·ͨ rankd(h) = 2 ͳΒ͹
rankh(d) = 3ͱͳΔɻrankh(d) = 2, 3ͱͳΔ఺ (h, d)͸ͦΕͧΕ 4ͭɼrankd(h) = 2, 3
ͱͳΔ఺ (h, d)΋ͧΕͧΕ 4ͭଘࡏ͢Δ͔Βɼ(rankh(d), rankd(h)) = (2, 3)·ͨ͸ (3, 2)
Ͱ͋Δɻ͜͜Ͱɼ఺ (hk, dj)Λஉੑ࠷ྑ఺ͱ͠ɼrankdj (h) = 3Ͱ͋Δஉੑ hΛ hi Ͱද
͢ͱɼrankhi(dj) = 2, hi <dj hk Ͱ͋Δ͔Βɼ໋୊ 4.9 (1) ΑΓ |Mk,j | ≤ f(2) = 2 ͱ
ͳΔɻಉ༷ʹͯ͠ɼ఺ (hl, dm) ͕ঁੑ࠷ྑ఺ͷͱ͖͸ |Ml,m| ≤ 2 ͱͳΔɻ఺ (h1, dj)




|M1,j | ≤ 2f(3) + 2f(2) = 10
Ͱ͋Δɻ
 福井大学教育地域科学部紀要（自然科学　数学編），4，2013 106
(i),(ii)ΑΓ f ′(4) ≤ 10Ͱ͋Δɻ͜͜Ͱɼྫ 4.9ΑΓɼط໿҆ఆ݁ࠗάϥϑ͕ 16ݸͷ఺͔Βͳ
ΔαΠζ 4ͷ҆ఆ݁ࠗ໰୊Ͱɼ10ݸͷ҆ఆϚονϯάΛ࣋ͭྫ͕ଘࡏ͢ΔͷͰ f ′(4) = 10 Ͱ͋
Δɻ
໋୊ 4.6ΑΓ f1(4) ≤ 3f(3) = 9Ͱ͋Δ͔Βɼ໋୊ 4.14ΑΓ࣍ͷఆཧ͕੒Γཱͭɻ
ఆཧ 4.5. ɹ
αΠζ 4 ͷ҆ఆ݁ࠗ໰୊ʹ͓͍ͯɼ҆ఆϚονϯάͷ਺ͷ࠷େ஋͸ 10 Ͱ͋Δɻ͢ͳΘͪɼ
f(4) = 10Ͱ͋Δɻ
ࢀߟจݙ
[1] ҏ౻େ༤ɾӉ໺༟೭ ฤஶɼʰ ཭ࢄ਺ֶͷ͢͢Ί ɼʱݱ୅਺ֶࣾɼ2010
[2] ٱอװ༤ɾాଜ໌ٱɾদҪ஌ݾ ฤɼʰ Ԡ༻਺ཧܭըϋϯυϒοΫ ɼʱே૔ॻళɼ2002
[3] M. Balinski, G. Ratier, “On stable marriages and graphs, and strategy and polytypes”,
SIAM Review, 39, pp.575-604, 1997
[4] D. Eilers, Irvine Compiler Corporation Technical Report, ICC TR1999-2, 1999
[5] D. Gale, L. S. Shapley, “College admissions and the stability of marriage”, The Amer-
ican Mathematical Monthly, 69, pp.9-15, 1962
[6] D. M. Gusfield , R. W. Irving , “The Stable Marriage Problem: Structure and Algo-
rithms”, The MIT Press, 2003
[7] R.W. Irving, P. Leather, “The complexity of counting stable marriages”, SIAM J.
Comput., 15, pp.655-667, 1986
[8] D. E. Knuth, “Mariages Stables”, Les Presses de l’Universite´ de Montre´al, Montre´al,
1976
[9] E. G. Thurber ,“Concerning the maximum number of stable matchings in the stable
marriage problem” , Discrete Mathematics, 248, 2002
·ͨɼ҆ఆϚονϯά͸࣍ͷ 10ݸͰ͋Δɻ
M1 = {(h1, d1), (h2, d2), (h3, d3), (h4, d4)}, M2 = {(h1, d2), (h2, d1), (h3, d3), (h4, d4)},
M3 = {(h1, d1), (h2, d2), (h3, d4), (h4, d3)}, M4 = {(h1, d2), (h2, d1), (h3, d4), (h4, d3)},
M5 = {(h1, d3), (h2, d1), (h3, d4), (h4, d2)}, M6 = {(h1, d2), (h2, d4), (h3, d1), (h4, d3)},
M7 = {(h1, d3), (h2, d4), (h3, d1), (h4, d2)}, M8 = {(h1, d4), (h2, d3), (h3, d1), (h4, d2)},
M9 = {(h1, d3), (h2, d4), (h3, d2), (h4, d1)}, M10 = {(h1, d4), (h2, d3), (h3, d2), (h4, d1)}.
໋୊ 4.14. f ′(4) = 10
ূ໌ ɹ
I ΛαΠζ 4 ͷ҆ఆ݁ࠗ໰୊Ͱɼط໿҆ఆ݁ࠗάϥϑ Γ′ ͕ 16 ݸͷ఺Λ࣋ͭ΋ͷͱ͢ΔɻΓ′
ͷ఺Ͱɼஉੑ࠷ྑ఺Ͱ΋ঁੑ࠷ྑ఺Ͱ΋ͳ͍఺ (h, d)ʹରͯ͠͸ɼrankh(d), rankd(h)͸ͦΕͧ
Ε 2, 3ͷ͍ͣΕ͔ͷ஋ΛऔΔͷͰɼ(rankh(d), rankd(h))͸ (2, 2), (2, 3), (3, 2)·ͨ͸ (3, 3)Ͱ
͋Δɻ
(i) (rankhi(dj), rankdj (hi)) = (2, 2)ͱͳΔ఺ (hi, dj)͕ଘࡏ͢Δ৔߹
rankdj (hi) = 2ΑΓɼhi <dj hk ͱͳΔ k ∈ {1, 2, 3, 4}͸ 2ͭଘࡏ͠ɼ͜ͷ kʹରͯ͠͸




|Ml,j | ≤ 2f(3) + 2f(2) = 10
Ͱ͋Δɻ
(ii) (rankhi(dj), rankdj (hi)) = (2, 2)ͱͳΔ఺ (hi, dj)͕ଘࡏ͠ͳ͍৔߹
͜ͷͱ͖͸ rankh(d) = 2 ͳΒ͹ rankd(h) = 3 ͱͳΓɼ·ͨ rankd(h) = 2 ͳΒ͹
rankh(d) = 3ͱͳΔɻrankh(d) = 2, 3ͱͳΔ఺ (h, d)͸ͦΕͧΕ 4ͭɼrankd(h) = 2, 3
ͱͳΔ఺ (h, d)΋ͧΕͧΕ 4ͭଘࡏ͢Δ͔Βɼ(rankh(d), rankd(h)) = (2, 3)·ͨ͸ (3, 2)
Ͱ͋Δɻ͜͜Ͱɼ఺ (hk, dj)Λஉੑ࠷ྑ఺ͱ͠ɼrankdj (h) = 3Ͱ͋Δஉੑ hΛ hi Ͱද
͢ͱɼrankhi(dj) = 2, hi <dj hk Ͱ͋Δ͔Βɼ໋୊ 4.9 (1) ΑΓ |Mk,j | ≤ f(2) = 2 ͱ
ͳΔɻಉ༷ʹͯ͠ɼ఺ (hl, dm) ͕ঁੑ࠷ྑ఺ͷͱ͖͸ |Ml,m| ≤ 2 ͱͳΔɻ఺ (h1, dj)




|M1,j | ≤ 2f(3) + 2f(2) = 10
Ͱ͋Δɻ
 宮下・櫻本：安定マッチングの最大数と安定結婚グラフについて 107
